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TIME-OPTIMAL R/SPONS_OF F_EDBA_ COI_OL SYSTEMS

BY Y_.ANS OF DISCO_FINUOUS RAT_ CO_SATION

by Richard S. Levesque

Determining the ±ime-optirlal response of a feedback

control system is a problem vital to many applications of

such systems. _"_is problem consists of obtaining the

fastest possible output response to so1_lestimulus without

exceeding tiie physical constraints placed on the system

and its components, of the scI_emes used to optimize the

time response Of control systems, ±he most widely used

and studied has been the '_oang-bang" solution. The bang-

bang approach, however, has one major physical disadvan-

tage; namely, that the drive on the controlled plant must

be turned off at the exact instant the final state of the

system output is reached, and that it then remains turned

off. To overcome tkis disadvantage, the use of discon-

tinuous rate compensation, where an "ideal" relay is

placed in the tachometric feedback loop, is here inves-

tigated as a means _of obtaining %i_e.optimal response of

a feedback control system.

The primary purpose of this investigation is to study

the time response of a discontinuous rate compensated, or

d. r. c., system and to compare this response with that
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achieved usin_ a b_ng-b_g -_'_ ....._ "_ co_%:_L_on of the sa_e sys-

tgm. Ti_s purpose _s _ccompl_shed by analyzing the

system configurations _them_tic_liy, devising analog

models of those configurations, pzozram_,'/ng the models

on an analog co:_nutez and o_+._nln_:" _ output response dat_

from the analog computer simulations.

It was found that the be_t ..e_..od among those attemn-

ted for studying titre-optimization of feedback Control

systems is analog computer simulation.of the systems.

Both digit_l computer _d an_lyticai :zethods %:ere found

to require a considerab!e aalount of algebraic tedium. It

_;as concluded from the data obtained in this investigation

%hat the d. r. c. configuration of the basic system

chosen, s_itched in such a way that its response overshoo_

%;as al_rays a specified small amount, e_dlibited better

overall ±ime response th_n any other configuration studied

in terms of rise time and percent" overshoot. Suggestions

were made for future studies.
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CHAPTER I

INTRODUCTION

l. STATE_H_NT OP I_ PROBLE_ l

Selecting the best, or optimum, response for a given

feedback control system with respect to some criterion is

a problelu vital to luany applications of such systems.

Often, the criterion selected for optimization is that of

response title. In such a case, an attempt is made to ob-

tain the fastest response of a system to some stimulus

without exceeding physical constraints placed upon system

component s.

Several schemes for optinAzing ±he time response of

feedback control systems have been attempted earlier by

other investigators. Probably file most widely ured and

studied of these methods has been the so-called "bang-

bang" approach I. In a bang-bang s_;stem, an ideal relay is

placed in the forward loop of the system in such a way

that it can reverse the direction of the drive on the

plant. _le relay is operated such that l,_inimum response

time is obtained. _le bang-bang method of achieving

optimum time response is developed in _lapter II.

1.Iohn B._ Gibson, Nonlinear Automatic Control
York: McGraw Hill Book Company, i_]63), p. I_.
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There is one great drawback in using bang-bang con-

trol; i.e., at the instant the final state of the output

is reached, the drive on the plant must be turned off

because other_vise, as will be shovnu, the system steady-

state error never approaches zero. Also, if the switching

point does not occur at exactly the right instant, the

final output state will not be reached. Por this reason,

another method of achieving optimum time response _;as

sought. The method studied in this inves±igation is that

of discontinuous rate compensation. In a discontinuous

rate compensated, or d. r. c., system, an ideal relay is

placed in the tachometric feedback loop. In a d. r. c.

system, when the plant output reaches its final value, the

system drive power supply need not be turned off to main-

tain ±his final state, as is the case with bang-bang con-

Trol. Also, Since the final value is always reached, the

switchinz point in a d. r. c. system is not critical, as

it is in a bang-bang system.

If. SCOP_ OP 1_ INVESTIGATION

%_ne prinary purpose of t_,!o investigation is to study

the fine response of a d. r c. _'_ ". _,_e_, an<i to com_nre ±his

response IJith that achieved using a b_ng-bans configura-

tion of the sane systen. This purpose is accomplished in

• _ e_entlno mathematicaltlie follo_;ing five steps- (I) pr _' " _

s]_sten analTsis , (2) building _nalog :nolela, (3) perforning



simulation studies and obtaining data, (4) analb, zing the

data, and (5) drawing conclusions and offering suggestions

for extension of the study.

A raathenatical system analysis is presented. In

C_lapter II, the response of the system under consideration

in %his study is analyzed in its basic configurations

using conventional control system theory and time-optimal

control theory. The %ime response of the basic system to

a unit step input is determined using normalized response

curves and by solving the system output time equations on

a digital computer. The digital computer solutions are

then plotted and are later used to check the validity of

analog computer models of the system. Time-optimization

of control syste_ response using switching of the control

effort is then presented. ZZ1e bang-bang solution is in-

cluded along with a discussion of optimum switched systems

in terms of %he phase plane.

Analog computer modelc are constructed. In Chapter

III, a ,_eneral presentation of analog computer prograI_ning

principles is made. Computer models of the basic system,

the basic system with %achometric feedback_ the bang-bang

system and the d. r. c. systeu are then constructed. _le

tilue responses of the basic syste1_ ;;:odels, _;ith and v;ith-

out tachometric feedbac'_, are compared wi±h those obtained

by means of a digital computer Jn Chapter II. _e validi-

ty of the bang-bang and d. r. c. models is thus

3



e st abli shed.

Simulation studies are performed and data is obtain-

ed. In Chapter IV, a presentation is made of the analog

computer studies performed on the various syste_ configu-

rations. Systeri response ti1_les to steps of various

magnitudes are obtained from strip-chart recordings of

svsteu outputs. Other response criteria, such as percent

overshoot, maximum output velocity and _mar_mum output

acceleration, are obtained for phase portraits of each

systen configuration. %_le data presented in _mpter IV

includes tabulations of response tines, overshoot per-

centages, maximum output velocities and maximum output

accelerations for each st,stem confi[_uration as a function

of input step magnitude. Also included are phase por-

traits of each configuration as produced by an x-y

plotter.

In C_lapter IV, the information content of the data

presented therein is evaluated and discussed. Response

characteristics and tile use of s_itching curves are among

the topics presented. _le relative merits of the various

syste_u con_!zuraL_onz studied are discussed.

In _apter V, conclusions are drn_m regarding this

study in general and the response of the d. r. c. system

in particular. Possible improve1_nts in the method of

study are cited. Suggestions are made of possible exten-

sions of this study based on the results and experience



obts.ined. Areas such as s_litching function generation

ant _o__._al cor.1,,uter..... model buil_iing are _u_-__-o____e<_._



C_APTBR II

_TH_TICAL SYST_.M ANALYS I S

Usin_ conventional control system theory, the res-

ponse of a basic s_,s±em %0 a step input was de%ermined.

_le first attempt at improving the response of the system

was made by _dding tachometric feedback to the plan%. It

was found that, in the first case, the time response was

fast but had excessive overshoot. In tile second case, the

overshoo% problem was solved at %he expense of the res-

ponse time. The conclusion reached was that some other

method of improving the sys±em response should be

attempt ed.

A mathematical investigation of the time-optimal

response of the system was then made. _is investid_tion

led to the conclusion that optimum ti_e-response, based

on certain assmuptions, could be achieved by using "bang-

bang" control; that is, by using an idezl reversing switch

in the forward loop. Chapters III, IV and V of %his

thesis involve a o _y of the ti_.e-response oz _ sys%e:"

usJn S discontinuous rate co_:_pensation and a comparison of

this response with ±hat of the same system;! in a ban_j-bang

configuration.



I. CONVZ_CflONALA/_ALYSIS OF SYSTB24 TII_-R_SPONSB

The basic system and the basic system with %acho-

metric feedback were both analyzed mathematically for

response time and percent overshoot. %%_o sets of system

constants were used in each case %o broz.den the scope of

the investigation. In both cases, the systen time solu-

±ion was obtained with ±he help of a digital comFuter to

perform _.the numerous calculations involved• It was found

that, tl_oush the addition of %achometric feedback reduced

the overslloot considerably, the response time %_as length-

ened by a significam% amount. The conclusion reached was

that some method other than sim_le %achometric feedback

must be used to improve system response.

Basic System

A block diagra:: of the basic system is sho_n in

Figure 2.1. _q_ne Laplace transfor:_ of the plant transfer

function is G(s) = K!/s(s+b). %_;le system input, r(%), is

a step zunct_on '" la:ooe magnitude tlil! be taken to be unity

. _ _ :ed input is thenfor the sake of si:_:_-iicity The _r_nszor:

The closed-loop tr_msfer function of ther<(s) = 1/s.

s7s%em is

K.g (s) 1
,JJ__ •

R(s) 1 + K3G(s) (2.1)

_,obert N. Clark, Introduction to Automatic Control

Systems (ITew York: v_,_ _liie_, & _ _""-- ' '•.,o:l_, Inc•, 1962), p 180
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Figure 2.1. Basic System.
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Substituting the expression for G(s) into equation (2.1)

yields the following closed-loop system transfer function:

(2.2)

The natural resonant frequency, Wn, and the damping ratio_

_, of the.system are found from the standard second-order

form 2,

_= _ . (2.3)

In order to broaden the scope of this investigation,

as well as to study the effects of varying system para-

meters on output performance, two sets of constants were

used. The effects on the system time response of using

either set of values were studied for all system configu-

rations. To avoid confusion, the nomenclature "system #1"

and "system #2" was used %o distinguish between the two

sets of values. In system #l, the following set of para-

meters was used: K 3 = 1.42 and b = 2. In system #2_ the

following values were used: K 3 = 1.62 and b = 3. In both

systems, K 1 = I0. These values were chosen for mathemati-

cal simplicity as well as %o provide a basicsystem whose

output response was clearly underdamped and required some

improvement. The primary difference between system #I and

2Clark, o__. cit., p. 111.



system #2 is in the magnitude of the drive to the plant,

although the plant transfer functions were made somewhat

different also.

If numerical values are substituted into equation

(2.2), then values of natural resonant frequency and

damping ratio for the two system,s are found from the

standard-form equation (2.3). For system #i, wn = 3.77

radians per second and _ = 0.265. For systerl #2,

wn = 4.03 rad./sec, and _ = 0.372. _lese values can be

used to find percent overshoot and rise time of the system

output from nor_ialized, second-order curves 3. The ex-

pression "rise time", as it is used in this thesis, means

time from initial output condition to the first time the

output comes v:ithin 5% of the final cGndi±ion. It should

be noted that this is not the standard definition of rise

time. For system #I, % overshoot = 42% and rise time =

0.45 sec. For system #2, % overshoot = 28% and rise

time = 0.5 _ec.

_le e_-.perimental data obtained _:_ this study consists

of analog coi_iputer outpi_ts. Since these outputs are

continuous %i_iie functions of the systerl outputs, it v;ould

be desirable to express the results obtained in this

section as continuous tii:le functions also. _ese tirade

functions can then be used to validate the results

3Clark, op. ci___%.,p. 69.
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obtained from ±he analog models constructed in _lapter II_

Computing somewhat complicated ±ime functions, such as

were found in %his s±udy, so %ha% ±hey may be plotted is

tedious and potentially inaccurate. For this reason, the

time functions were calcula±ed using a digital compu±er.

The actual output time function, c(t), was found from

%he %ime-resp0nse equation. The time-response equations

for systems #i and @2 were found by subs%i%u%ing numerical

parameter values into equation (2.2) and solving the

equations for C(s), where _(s) = i/s. These equations

were %hen broken up in±o partial fractions, and the in-

verse Laplace trznsform of each fraction was taken. The

output ti:ue function of system #i _vas found %o be

c(%) = u(%) - 1.04exp(-±)sin(3.63t+l.302) (2.4)

Sinilarly, the output of system #2 was found to be

c(t) = u(t) - 1.08exp(-1.Zt)sin(3.735t+l.188) (2.5)

_quations (2.4) and (2.5) were evaluated on a digi-

tal cor Iputer, the program for w]lich is included in

ApFendix A. Calculations _'ere iuade for the period 0L-t-_3

seconds at intervals of 0.05 second. The output functions

thus obtained are shown in Figure 2.2. Froz] the curves in

Figure 2.2, tile percent overshoot and ri_e tir_e of syste_1

91 were found to be 42% an_[ 0.48 sec. For syste_ #2,

these values were found to be 29% and 0.5 sec. These

11
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values all agree well with those found from the second-

order response curves, providing a good check for the

digital computer progran and the curves obtained thereby.

The curves in Figure (2.2) were used ±o validate the

analog computer models deveioped in Chapter III and to

check %heir output accuracies.

Pot many practical applications, an overshoot of 42_

or of 29% in system response is excessive and unacceptabla

It is apparent that a means of increasing system stabilit_

i.e., decreasing the tendency of the output to oscillate,

is desirable in such a case. A common aeans of stabili-

zin E a control system is to introduce a %achometric

feedback loop. The general effect of addin E tachometric

feedback to a system is one of limiting the output velo-

city. Moreover, the mathe_atical analysis of a system is

not made more difficult with the addition of tachometric

feedback. Therefore, this method of improving the system

response was the first attempted. The failure of this

method %o provide an acceptable system output response in

either system #i or in system #2 prompted, in part, the

study of constraints in the system. This effect of con-

straints is the subject of study in the remainder of this

thesis.

13



Basic Syste_,l _._ith Tachometric Feedback

The block :ii_gra:_ of the basic syste__ with the addi-

tion of tachometric feedback is sho_,cn in FixTure 2.3. The

values of I[_ and G(s) for both sy_te._:_s are unchgnge_l from
.)

the previous section. _e Laplace transform of the tacho-

r,letric feedback is If(s) = K2s , _.here K 2 = 0.4. This value

of K 2 %qas chosen to yield a particu!_.r ve!ue of damping

ratio for system ;_!, an:! _'_.s al:3o used for _'y_ter,_#2.

C _," I- "

The o_ .t.L: _;ith g@.choI_!etric _ee._Lo_c_ wns stuC.,_ed in

exactly the saree manner as _;z.s the baltic syste_u of the

previous section. For this re_son, the 'et_.ile_! analysis

of this syste:u configuration _'i!! not be presente'l. The

closed-loo!; transfer function of the syste:_ _,_it:_tacho-

metric fee_7.bac]_ wa'-:, found to be

c(s)_ ..... KIK$. (2.6)
R{'_) sZ+ (D+K!K 2) s+KIK 3

2qu_tion (2.6) is a!_'o in the second-or:_ez for_u of equa-

tion (2.3). For this configuration, systemic. ,_! _¢as found

to have a natura! resonant frequency w n of 3.77 rad./_:,ec.

an-i a la_ping ratio of 0.80. For sy._:,te_u#2, w n = 4.03

rad./sec, and _ = 0.87.

A,_;_,:oul-ibe expected, the a,!dition of tachouetric

xee.:-oac., had no effect on ±he natural resonator frequency

of either sy_te_; the engire effect _'?.s felt by the

danping ratio, whic'., _,;o.sincreased substantially in both

ca_-e:_. Fron_ the secon:!-or_'er re._:,pon._necurves cited

14



G(s) Ic(s >

H(s)

Figure 2.3. Basic System _ith Tachometric Feedback.
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earlier, the percent overshoot and rise time for sys%e1:_

#1 were found to be 2.-_7_ and 0.86 sec. For systez_ #2,

these values were 1% and 1.25 sec.

Because of the increase in damping, the effect of

adding %achome/ric feedback was %o decrease the overshoo±

and %o lengthen the response time. Although the overshoot

is now at a more physically acceptable level, the response

times have been approximately doubled. Using the same

procedure as in the previous section, the output time

functions of this system configuration were found %o be,

for system #I,

c(±) = u(t) - 1.739exp(-3%)sin(2.236±-2.501). (2.7)

For system #2,

c(t) = u(t) - 2.02exp(-3.5t)sin(l.987t+0.517). (2.8)

T11ese functions were also calculated using a digital com-

puter for 0_-%-z3 sec. at intervals of 0.05 sec. The output

functions were plotted and the resulting curves are sho_a_

in Figure 2.4. Fron %hese curves, percent overshoot and

rise time _ere fotund to be 2._f_ and 0.88 sec. for syste::

_!, !% and 1.25 sec. for syste1_i #2. Again, these v_iues

agree well with those obtained from the nor:_alized curves,

providing a good check on the _'isital computer program.

The curves in Figure 2.4 _iere also useu to validate the

analos models of Chapter III an:! to check their accuracies.
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Conclusi ons

"I_vo se%_ of conc!uaions can be dra_n_ fror_ the results

of the s%udy of ±his basic control sys±e_" in its various

configura±ions, lN_e firs,± conclusions concern the beha-

vior of ±he sys%em i±self with respec± to ±ilte response

and overshoo%. The second se% of conclusions concerns

%he me%hod of invMs%igation, %qhich has been conven%ional,

straigh%forward and soi_ewha± %ediou_ for ±he a1_oun% of

informm%i on derived.

Conclusions _ere drawn regarding sya%ell behavior. In

±he case of ±he basic syste1:.s t the overshoo% and sub:_;e-

quen% oscilla%ion _Jere found %0 be excessive, ±hough ±he

response times r_igh± be considered sufficien%ly shot%.

When ±achome±ric feedback was in±ro<!uced, ±he damping

ratios were increased_ reducing ±he amounts of over:i_hoot

to desirable levels, bu% approxi1_lately doubling the res,-

ponse limes in the process. A method of o?±i_izing res-

ponse %i_ue while keeping overshoo± shall _ou.!q ±hen be

desirable. One method, u±ilizing a :ii-_continui%3_ in the

sys%e_ con%rol was studied. Part II o_" the pre_ent chap-

%er is an inves±igation of configurations utilizing suc[

discontinui%ies.

Conclusions _¢ere also dra_,ul regards'ins the _le%ho.i of

invea%iga±ion. Although the use of a digi±al coriputex

eliminated the tedium invo!ve_i in rlanus_l!_ _oTvJnz3 the

±ii_e equa%ions repea%edly %0 ob±_.in _%e _ %i:_e respon._es,

18



finding the equations in the first place involved no

small amount of algebraic manipulation. Also, finding the

maxi]uum values of velocity and acceleration to _:hich a

given s_mtem configuration is subjected would require

consider_.ble additional effort. If these difficulties

are coupled with the fact that nanual computation of the

fine response of a system _tll even the sii:_plest non-

linearities becomes next to impossible, a strong case is

v_de for the use of soz:e other r_ethod of investigation.

•"_le me%hod of analog corIputer luodel-building was used

e_ztensively in this study to siimlate systerls with dis-

continuities, and is describe! in _apter III.
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IX. TI_-OPTIMIZING CONTROL SYSTEM RBSPONSE

_le problem of time-optimizing the response of feed-

back con±rol systems has been studied eztensively. A

time-optimal solution, called %he "bang-bang" solution,

was developed and has been known since ±he early 1950's.

Tim_-op%imal control theory has been applied to this

solution, and was presented by A±hanassiades 4. _e bang-

bang solution involves %he use of an ideal switch in ±he

forward loop of the system. In this section, a brief

description of %he bang-bang solution is presented. Also

included is a description of optimum switched systems

utilizing phase plane tecluniques° Finally, reasons for

choosing a discontinuous, rate compensated system configu-

ra±ion for study are presented.

Bang-Bang Time-Optimal Solu±ion

In the development of the bang-ban S solution through

%he use of optimal control theory, as presented b}.

Athanassiades 5, an optimal control l.._awfor _ini_mm ti_e

response is derived. }_the_atically, this la_ can be

stated as

J

_chael Ath_uassiades, "Optimal Control for Linear

Time Invariant Plants _Jith Ti1_,e, Fuel and _nergy Con-

straints", Applications an_! Industry, IJuluber 64 (I!ew York:
_]e Ins±itu%e of _lectric--_ an<l H!ectronic _n_ineers,

Jzuuary, !963), p. 322.

5Athanassiades, Ibi___d., p. 322.
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- -  nEqj(t)], (2.9)

_lere uj(%) is the "jth" term of an nth-order control

function, qj(t) is the jth term of an rth-order function

of the system costate vector, and the term "sgn", or

"signum", indicates

-sgn[qj(t)_ = -_.
(2.10)

The following conclusions can be drawn from the optimum

control law:

I. The optimum control signal for nininum time

operation is piecewise const_n%.

2. T_le optimum control signal must have only
the values of ÷I or -I.

3. The polarity of the control signal depends
on the output of the adjoint system.

The exact time equa±ion of the optimum control

function u°(%) for an nth-order system is not presently

known and can be derived for a second-order system only

with a considerable amount of algebraic tedium. Moreover,

the development of u°(t) assumes sets of initial condi-

tions, and is thus limited. However, this tedium can be

avoided through a systematic trial-and-error procedure

using analog computer simulation of a bang-bang sys±em

This simulation was carried out in the present study using

the analog model developed in Chapter III. _e results of

this simulation are presented in Chapter IV.

J J _ i i i

6Athanassiades, op. ci___%.,p. 322.
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Optimum Switched Sys±eTis '

Before considering response time optimization

through the use of switched systems, it would be useful

to describe concepts of the phase plane briefly, since

the phase plane is a very useful tool in describing such

systems. The phase plane is a two-dimensional space on

which ±he 'first derivative of a variable is plo±ted versus

%he variable itself. For a closed-loop sTstem , either

the error or the sTstem output and its rate of change are

plotted. Phase [,lane analysis is li1:i%ed to second-

order systems, since der-va%ives of higher-order tlmn

the firs± cannot be represen±ed on the phase pl_ne, and

higher-order syste::s would not be coi:iple%e! v iefineC by

a variable and its first derivative. 7 Use of tile phase

plane in this thespis will be confine:! to plot.c of the

system output velocity versus output displace:neat.

Facility in visuali-'_ _ " "ca!•.i. o p;_.y.c_ occurrences as, ,-t.;_,-_,
_4

are de_crib_._ in the phase _,:ot, or ±rajectorT, is ob-

tained on!_, after con ....c_e_.b., ex,_o;u_-o %o and _%u 4, of

various s/ste_: pliable "[:>ortraits", or co::iplefe ±rajectories(

Initial conditions of second-or<ier s]-ste:_ variables are

represented as poin±c, _£_ic[. can ....oxe.rc_l_, occur

where in the phase plane _'" dl- _-" .....c._ a _

trajec±or/ ÷-_ _ _*abili%y the.x,,ve__, /'.eDeil?.S, 011 'Cite '""+. .., ..... el, oL. ;

7john _. Gibson, Nonlinear Auto_uc_±ic Con±rol (New

York: 2icGrs_w-IIill Boo!_ Conpan]_, !96"3), p. 237.
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shape of the trajectory depends on the system parameters

and configuration. Time, though it does not appear as a

variable in the phase plane, is implicit in a trajectory

and can be recovered. In general, time is inversely pro-

portional to the area under the trajectory, with reference

to the axis of the variable; in this case, the variable

under consideration is the output displacement. The phase

plane concept will be used extensively throughout the

remainder of this thesis.

W]len considering time-opti_/zation of system res-

ponse by means of switching one of the sy.stem drives, the

phase plane representation of system response becomes a

useful tool for study as well as for presentation. Assur.le

a simple, second-order positional system such as the one

presented in section I of this chapter. Suppose it is

desired to have tile system output displace_;lent go from

position A to position D in the _inimum ar:ount of fine.

If there are no physical constraints on the syste_u, the

fastest response could be achieved by first accelerating

the output to infinite velocity in zero time, then moving

from point A to a posi±ion corresponding to point B at

this infinite velocity, then decelerating to zero velocity

in zero fine. This r:ethod in repre:_ented by the phase

portrait .in Figure 2.5, v£1ere x is the output displace-

iuent and v i.: its first derivative, the output velocit$,.

It riay be noted in passing that the area under the phase
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Figure 2.5. Phase Portrait with no System Constraints.

Limiting Velocity >, >

A B
_X

Figure 2.6. Phase Portrait _dth Velocity Constraint.
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Figure 2.7. Phase Portrait with Acceleration Constraint.
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±rajector 7 sho_,a_ in Faou_e_'_',- 2.5 is infini±e, corresponding

_ec, ±ime.%o zero elap _ '

A sligh±!y note prac+.ical bu± s%i!l unrealizable

me%hod of moving ±he ,_,_,.....,^"+_"_fron A %0 D uses veloclty-

!ir i%ing. If ±he veloci±v of %/I e _y:_e,._ output is liri-

%ed %0 .5o:ue maximum fini±e value, ±he pha:_-e ±rajec±ory

sho_m in Figure 2.6 resul±s. Al%,_o_bn'-v_," ±he ±ime required

%o go fron A %0 B is finite, as seen from the fini±e area

%mder ±he trajec%ory in Figure 2.6, infini±e acceleration

a.nd decelera%ion forces are _ii required.

A luore practical arrange-:_ent assumes ±he limi±a±ion

on accelera%ion. _.ven this iii_ita±ion is sti!l soluewha±

unrez!is±ic, since 9.% assur__es ±ha± ±he accelera±ing force

i:; cons%an± %,_ro_.,ow± ±he veloci±_ ranfe, and is ins±an±-

ly reversible. However, the %y_e of ±rajec±ory sho_m in

Figv,.re 2.7, inclu_'ing the ins%an%aneoua change in 8.cceler-

alion_ can be ob±_.ine! froz _.%i_e.,........_r-_ being cons_--dere_i

here, since i% i:_ ideal and _econd-order. if i± _;ere

possible to [laintain a cons%ant level of acce!ero.tion

c,

.... ;...._" "t hag -:een sho'_a]_' '-"_

half of %he trajectory _;ould be _arnbo!ic. If tY.e ,-_"_'-_'

be-._o _..e_ here %;ere of ±har_, or_:.er or n-_,g,_er, a li:J

%a%ion _Jouid be placed on %l'_e rate of c'.:,_ujein acce!era-

tion, and %he sharp chanse indicated in Fijure 2.7 _;oulC.

_ozon, op. cir., p. 440.
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not be realizable. The shade of the trajectory of

Fig_Ire 2.7 suggests that the quickest w_.y to set to point

B fron point A involves switching fron maximum accelera-

ting to maximum decelerating effort r_idway in the trajec-

tory. The mathematical justification for this "full-

forward, full-reverse" method of switching was made

earlier in this chapter, _hen the "bang-bang" solution

was presented.

Choice of D. R. C. System

T_le pri1:!ary purl_ose of this study is to corltare the

time resFonse of a discontinuous rate compensated system

with that of a bang-bang configuration of %he same system.

The b_ng-bang system was chosen for study because it is

widely accepted and has been e_-_tensively studied. I!ow-

ever, the bang-bang solution has major physical drawbacks.

First, the drive on the plant mt_st be turned off at the

instant the output variables reach their final state. If

this turn-off is not accomplished at the right ti_'.e, or at

all, li_t cycle operation _iay reou_t. Second, the

switching point must be precicely set so that the final

output state may be reached in one s%_itching.

The d. r. c. svsten was chosen for comparison _ith

the bang-bang system. This choice wss made because the

d. r. c. configuration is not physically limited by the

disadvantages inherent in the bang-ban S syster_. In a
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d. r. c. confizurat_on, the steady-state output error is

zero, so the final state will alv;ays be reached by the

output variables. Furthermore, this state will be main-

rained OY tile o_oten _ithout it being necessary to turn

off the drive to the plant. Also, the switching point in

a d. r. c. syster_ is not critical. The output will reach

its final state regardless of the switching point. In

fact, variation of the switchin Z point in a d. r. c. con-

fizuration can be used to vary the system output response

until ',optiiu_Im" response, with resFect to some preselected

criteria) is obtained. %%-;o switchin_ schemes were erl-

ployed in the _tu:i_ of the time response of d. r. c.

• -._....... , s_;itched s',_.ch thztsy_te:::_ In one case, the o,._te _ms

the output _;ould overshoot b7 5_ for any level of input

s.te._. In the second case, a switchinz point set to soi_ie

constant .... p * " _ "_ "_o_ ;u_ level _;ac u:;eC. _le _e_u_,t_ of the:;e

s±u_._e._; are presented i'.,_ C_a_ _er IV.
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III . CONCLUSIONS

In this chapter_ it was seen that the ans.lysis of

even simple, second-order feedback control svstems by

conventional automatic control %heor_T can be very tedious.

Although the use of a cL{Lsital computer elii,cinated most of

the repetitive computational effort, algebraic manipula-

tions involved in finding tile exact time solutions of the

systelns s±udied remained laborious. _,ioreover, the conven-

tional method of analysis was found not to lend itself

readily to opti:Z.zation. It was mentioned that the con-

ventional method does not easil3 _ provide such information

as r,laxi1_mm output velocSt%: and acceleration.

A study of fine-optimal control theory showed that,

_ith cons train%_ on the control effort, the value of the

control function u(±) could oulu be +I or -I; hence, the

name "b_.ng-bang". It wa_ in-i-.c_ted that fin/ins t_,_e time

function of the coutrol signal _'_'o;_!_ ?_e veru difficult

anal]rticai!; _, even for a second-or let s_,._te_', but that

this function ccu!C, be found fa-r! easi! U by analog coi_._,-

pu%er technique:;.

The ph_,_e -.!a_e conce['t _;as studied. Altho',-sh tl:_is

concept was foun,,[ %o be a usef_;l tool, it _;a:; found to

have one serious dra_Ioach; the phase plane is valid only

for second-order z]:stems. -, - , " _,,,,Le.....under

consideration in this %he:'_.._.__.:z<:of :'eco'_d order, this
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li1,_±a±ion on ±he phase plane _,_ of no concern. _le

phase plane was also found to be u_eful _n presentin_ and

visualizing op%imiza±ion concepts _i±h regard %o s,_-_.tched

_le reasons for choosing a discontinuous rate com-

pensa±ed s_,s±e:n confif__ura%ion for ou%pu± renponse

corIparison _;i±h %he bang-bang system were presen±ed. The

inheren± ph_,sical dranbacks of ±he ban_-bau_ configuration

;;ere brousht out. I± was pointed ou± %ha% ±he d. r. c.

system posesses none of these dra_i_ack_.

In the stu_-_ ±_l,_,o tar, a stron Z ca_e has been mn_'e

for the use of analog conputer node!a for fiuding tiz'e-

op±ir,lal solutions in con±to! sys±e_:'_,s. It _'ill be seen

ho_; ±'_tese [_o,[els are c,ons±ruc±ed and _:,_ed on an analog

co1_-puter to yrovide a large ar:!oun% of infornatien on tile

s01u%ion to-%he problem at hand; ±hat _._,, el conFart.n Z

discontlnuous rate corlpensat_on with %he v:eZ!-lu_o',m z_n:l

%_idely-s±ud!ed 1_%ng-b_n_ ±ir_e-op±tr:nl solu±ion.
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CI-L.'-'_PT_.,_ llI

T'-"•q'IALOG COL'.PUT_R _.[ODEL _UILDIL_

_le need for building aualo$ con_u±er models of The

_,o_e .....under considern%ion was es±a1,"'she:z....... -.n _._'-...._er II.

Proce:iures for [eve2oF.ing and using suc_. r:oiels, as well

s.s for checking t]_eir va!idi% 7 and accuracy, will be s±u-

died in %he presen% c.L,apter. First, %he principles of

analog computation will be studied briefly to e.-:p!nin how

an annlog conputer is used to represent physical systez'_s.

I_ex%, models of the various sy'J%en configuralions being

stu<lied will be constructed utilizin S these principles.

Finally, %he validi%y and %he accuracy of the outDu%s of

%he_e ......_::o_e_,.swill be theche! a,_--_-'.-._-'"-_- _ D _'-_._...._._ _e o_.t u_ obtaine: /

in Cn_p_er !I. _q_nis chapter i.< :_v!ce-- :'n%o the follo%Jing

sec%ions: (!) analog, con Duter principle_ an:! (2) develop-

rien% of s.,s+er: models.

I. ANALOG CO}!PUTZ_ PRINCIPLES I

An analog eompu%er i _ used 9o solve linear, _--"o COIl o _ _ll _ -

coe_ic_.en_ differential equations. The computer can _.Iso

be used %0 solve o%her ±_r,_e<:of ecuz%ions, Uut :T.±s

I_ZC'CS Of ".....IO, _ ...._" "

(Long _"_ ' "" _!e _ *_" _"_._=,.:_cn_ i e_; Sersey: c_ro_c .._oc.__o,:..... " Inc.),
pp. 1-5.
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application to this stu£ 7 is limited to this one class of

equations. Forcing functions and/or initial conditions

can also be simulated on an analog computer. The equa-

%ion to be solved is, in effect, a mathematical model of

the system it describes. This equation is solved contin-

uously from some reference time t = 0, _,hen solution is

initiated by the operator. Any o£ the st,stem variables

can be obtained from the model x_hile solution is in pro-

gress. These variables are represented by voltage levels

at various points on the model.

221e differential equation to be simulated on the

analog computer must be of the correct form to be easily

prograramed. To be in this form, the equation should be

solved for its highest-order derivative, then normalized

with respect to this term. For example, consider the

following differential equation=

ax + bx = c (3.1)

where _ = dx/dt. _e correct analog form of this

equation _ould be

: c/a - bx/a (3.2 

_e method of programming used in this study is

called the "bootstrap" me±hod. This method asstu,_es that

the normalized, highest-order term in a/1 equation is

already available, then constructs this term from itself

by integration, attenuation and surnuation. Once the

analog model of the equation has been constructed, forcing
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functions and/or initial conditions are added to the pro-

gra,il. For exa!nple, if equation (3.1) _eze to be sinula-

ted, the programmer would fir_t assune that the term _ is

available as a voltage, then he would construct this term

by producing the term (c/a - bx/a) from it.

%N_e components which are available on an analog

computer and which apply to the present study, aloDg with

their ma%hematical uses, are the follo_'ing:

i. Potentiometers--used as attenuators.

2. Operational amplifiers--used as inverters,

surrenders, integrators, i_r_itiplierz, or in
combinations of these functions.

3. Blectronic coups_rator--used as an electronic

switch to produce discontinuo_/s control

signals.

For illustration, an analog model of the system

represented by equation (3.1) will be constructed. Using

the bootstrap method of programming, it is first assumed

that a voltage proportional to x exists. This voltage iz

integrated with respect to time, producinLi_ a signal pro-

portional to -x (the integrator also inverts the signal).

This voltage is then multiplied by the value of b/a to

produce one term in the original equation. If the magni-

tude of b/a is less than unity, the multiplication can be

performed by means of a potentioneter. If the nagnitude

of b/a is between i and i0, the integrator can be used to

provide a multiplication of !0, and then a potentio_]eter

can be used to attenuate the signal to its proper value.

If the magnitude of b/a is greater than I0, nore
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amplifiers will be required. I± is assumed for simplici±y

±ha% %he mazni%ude of b/a is less %hzn uni±y.

Nex%, a forcing func%ion of na[_ni±ude c/a is formed

by means of a reference vol%age a%±enua%ed by a po±en%io-

me±er %0 produce c/a vol%s. Again, amplifica%ion may be

req_uired. I% xs assumed here %h_% %he reference vol%a_e

is I0 vol%s (as i% w_s in ±he analog compu%er used in ±his

s%udy) and %ha% %he magni%ude of c/a is less %han i0. Now

%ha% %he ±erms c/a and (-bx/a) have been formed, %hey are

summed %o form x, ±he oriGina±ing vol%aze. A prac%ical

analog compu±er configura%ion for solving equa±ion (3.2)

wi%h %he previously-s%a%ed ass%u_p%ions is shown in

Figure 3_I.

33
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+ C/8.

(potentioneter)

efl at or-invert er )

Fizure 3.!. •_±os co;::Fu_er _1o£ei of "- - c/a - bx/a.
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II. DEVELOPMENT OF SYST_.M _.K)DL:rI_

This section concerns the development of analog

computer models representing the basic system studied in

both ±he bang-bang configuration and the discontinuous

rate compensated configuration, where the ideal relay is

placed in the tachometric feedback loop. In each case,

both system #I and system #2 were develoFed. The configu-

ration being evaluated in this ±hesis is, of course, the

discontinuous rs.te compensated one. The bang-bang con-

figuration, being the theoretical "title-optimal" solution

subject to certain assumptions, was used as a standard for

comparing the performance of the d. r. c. system.

Also included in this section are checks of the vali-

dity and accuracy of the outputs of the models developed.

These checks are made by simplifying the models to the

basic configurations seen in _apter II (Figures 2.1 and

2.3). The outputs of these simplified models were com-

pared with those obtained analytically and calculated by

digital computer (Figures 2.2 and 2.4). The analog r:_odel

outputs agree closely with those obtained analytically.

It can be reasonably assumed, then, that the introduction

of a discontinuity in either syster: does not invalidate

the model of that system, since the systems are still

piecewise linear.
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Dang-Bang Systen _,o_el

In Chapter II, i% _:a:: teen th_.t ±ir:e-opti:T:al res-

pon_:e could be obtained, un _er certain assumptions, by

me_ns of the so-called "bang-bang" solution. Tile basic

_,,-tem I_-_o considered in this t]te_4s,.__inc!_ding the

c_z_ercnt con__ouzat_ no studied, czn be zel_resented in

±he general bang-bang _"_*, _ _co.,___,r.t._on s]_o_-Jn in Figure 3,2,

_;here G(s) = Ki/s(s+b) and If(s) = Kzs.

In Fizure 3.2, the e._c;,ent N represeutc the ideal

reversing relay developed in Chmp±er II. The control

sign_i u c,%n assu:-:e values of +I ancL' -i only, __mu_at_no_.I -

saturation of the amplifier K 3. The error signal

,.(_) - C(s) serves only to trigger ±he relay at the proper

tine, allowing the s?'stem output to reach its final v_lue

in rinimum time. The s_,stem can be returned to its basic

,_" _ _configuration as .__,cusoed in Cha_ter II by first s11ort-

circuiting the relay I,_,ma]_ni/ t',te control signal equal to

t_'_ error ....onal, _'-,__ _4_ __e tachonetric feedback loop can ±hen

be removed to re_ro.duce the basic system by let±ins

K_ = O. The s_;stem as s]_oxm in Figure 3.2 is then a gen-

eral configur_,tion %£'.ich can easily be no Aified to re-

....._*_,, s_,s±en configurations studied earlier.

The analog luodel of this ,-_* .... -',_- deter:ined first

by ob%ainin Z the s]'ste:_ differen%ia! equation in its

proper form. From Figure 3.2, i± is seen that Z(s)=I,_< 3

&± &ll times, depending on The value of C(s) only
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indirectly as a triggering criterion for the ideal relay

represented by N. Therefore, it can be concluded that the

large loop is not a feedback loop in the physical sense of

the word. That is, on a conceptual basis, Figure 3.2

could be represented by the sl_stem shown in Figure 3.3;

this representation is valid only if it is remembered that

B(s) does depend indirectly on C(s), but that its nur+leri-

cal value is not a simple mathematical function of the

output. _le s3_stem differential equation, in the "boot-

strap" form, is found as follows:

G(s)........: KI....I+G ('s)II(s) sZ+ (b+KIK 2) s
(3.3)

Cs 2 + (b+KIK2)Cs = KIB = NKIK 3 (3.4)

Taldng the inverse Laplace transform of equation (3.4),

c + (b+KiIC2)6 = NKIK 3 (3.5)

c = -(b+I(iIC 2) 6 + NKIK 3 (3.6)

In equation (3.6), N = u(t) the control function, where

u(t) = +i or -I only.

_quation (3.6) is the systelu differential equation in

the proper torn for analog computer progra:_u_ing. Here,

= dc(t)/dt and c = d6(t)/dt = d2c(t)/dt 2. _T+_i_,uthe

components available, a sinplified analoz model _as con-

structed as sho_n in Figure 3.4. The block labeled

'qWKIK _ in Figure 3.4 consists of an electronic comparator
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whose ou±pu± consists of +KIK 3 or -KIK3, depending on the

level of output c(t) needed to %ri_ger the control signal

u(±) either way. Due to physical lim/±ations of the

actual analog cot!purer used, several trials and adjust-

ments %_ere necessary before a practical conputer configu-

ration was constructed as shoran in Figure 3.5. _le

computer used was an _lec±ronic Associates, Inc. Model

TR-20.

A brief explanation of Figure 3.5 is in order. The

numbers inside the potentiome%er symbols (circles) repre-

sent ±he numbered po±en±iometers on ±he computer; %he

settings of these potentiometers for the various configu-

rations studied are summarized in Table 3.1. Similarly,

the encircled numbers at the head of the amplifier symbols

(triangles) are the actual numbered a_uplifiers used. The

numbers within the amplifier synbols represent ±he multi-

plication factors used. _le plus and minus ten-volt

levels shown are reference voltages available on the com-

puter used. Procedures for programming the electronic

comparator can be found in ±he computer handbook 2. l_le

comparator was programmed to s_itch the forcing function

NKIK 3 from u = -I to u = +i at the desired level of out-

put c. This s_ritching level _as set by means of

2

_eTR-20 Computer Opera%qr's Reference IIandbook,
(Long Branc-_'_ew Jersey, __lectronic Associates, ' Inc.),

pp. 47-53, AII-15-16.
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potentioneters 7 and 9.

Discontinuous Rate Compensated S_Tstem Model

The primary purpose of this thesis is to present a

study of discontinuous rate compensation in feedback con-

%rol systems. Tq_e objective of this study is to evaluate

the time response of such a system when i% is subjected to

step inputs. As was mentioned earlier, the performance of

the d. r. c. system was compared %o that of the bang-bang

configuration. In a d. r. c. system, an ideal relay is

placed in the tachometric feedback loop of the driven

plant. Unlike the bang-bang system, this relay merely

changes the sign on the tachometric feedbaci_ signal at

some pre-selected value of outpu± t output rate or output

accelera%ion. A block diagram of the d. r. c. system

configuration studied here is sl_o_:rnin Figure 3.6. In

order to make the response comparison between ±he t_o

s_sten configurations more meaningful, the anplifier I[3

%_as allowed to saturate at the _sane level in the d. r. c.

syste.<l as it did in tile bang-bring s_/steri. To evaluate

the effect of this saturation on syste: perforiuance,

studies _ere r_ade with and _i%Dout saturation in K 3. As

before, both system #I and system #2 parameters were used.

_le analog computer model of the d. r. c. system _;as

developed in the same rlanner as was the bang-bang system

model. The system differential equation in "bootstrap"

form was found as follows:
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c(s) G(s) = _ K1 (3 7)
= G' (s) = ki+NG(s)H(s ) s_+(b+NKIK2)s , .

C(s) KzG' (s) KIK3
: I+K3_,(s) = sZ+(D+_KIK2)s+KIK3 (3.8)

Is2 + (b+NI41K2)s ÷ KIKs]C(s) : K kq_(s) (3.9)

If the _npu% r(t) is a unit step, then R(s)= i/s. For a

step input, the final value of c(t) from equation (3.87

and the final value theorem is the sa::te as tile magnitude

of the input step. l_a% is, tlle steady-state error in

the system is zero. Pot this type of system, letting the

input be zero and assigning some initial condition to the

output is mathematically the same as letting the input be

a step of the same magnitude with no initial conditions.

In the first case, the output _ill go from some initial

value to zero; in the second case, the output will go

from zero to the magnitude of the step. The m_thematics

and programm/ng are simplified by letting _ = 0 and

assigning an initial value to C. Taking the inverse

Laplace transform of equation (3.9), letting R = 0 and

solving for the highest-order derivative yields

c = -(b+N IK2)6 - KIKsc (3.10)

The analog computer model of the d. r. c. system,

represented by equation (3.10), was constructed by the

same method used to construct the model of the b_ng-bans

system. Again, the electronic comparator was used as the
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ideal relay. 1_Ie actual model used foz the d. r. c. sys-

tem is _;hovm in Figure 3.7. The block labeled "satura-

tion" in Figure 3.7 is that pari of the luodel _;hich

sir related saturation in amplifier K3. The program of the

"saturation" block is sho_n in Figure 3.8. This block was

connected in such a wa]T tha± it could either be included

in or excluded from the model, so %hat the effects of

saturation on the system response could be s±udied. The

comments explaining Figure 3.5 in ±he previous sub-

section of %his chapter also apply to Figure 3.7. The

se±tings of ±he potentiometers for the Various configura-

tions studied are summarized in Table 3.2.

Validity and Accuracy Tests for Basic Analog Hqdels

T11e validity of the basic analog cor puter models and

the accuracy of their responses were checked. _lese

checks were made by simplifying the models developed in

the previous two sub-sections of ±his chapter to their

basic forms. The basic forms of both models were found

to be identical. This finding was correct, since both

s_Tstem configurations weze developed from the _ame basic

control s_'s%em, sho_n in Figures 2.1 and 2.3. In Chapter

II, a_%aly%ical responses were obtained for the basic sys-

tem (Figure 2.1) and for the basic system _'ith tacho-

metric feedback (Figure 2.3). In each case, both system

#i and system #2 parameter sets _;ere used. _e analog

computer model of the basic sysiem in each of these four

4q
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configura±ions was cons±ruc%ed. _esponsee of %he four

models %0 uni± s±ep _npu±s _;ere ob±a_ned and _lere comFared

_i±h %he analy%ical responses.

Analog compu±er model validi%y _;as %es%ed by cot l-

paring %he ou±pu% responses ob%ained from %he analog

models _;i±h %hose ob±ained analytically. %_Ie ou±pu± res-

ponses %o uni± s±ep inpu%s ob±ained analy±icall7 were

plo%±ed in Figures 2.2 and 2.4 for ±he four basic configu-

ra%ions; namely t sys±em #I and sys±em #2 for bo±h ±he

basic sys%em and %he basic sys%em wi±h ±achome±r_c feed-

back. The ou%pu% responses of %he four basic configura-

%ions ob%ained from %he analog compu±er are sho_m in

Figures 3.9 and 3.10. In Figure 3.9, %he ou%pu% responses

of %he basic sys±em (Figure 2.1) wi%h sys±em #I and sys-

±em #2 parame%er se%s are shows. In Figure 3.10, ±he

responses of ±he basic sys%ein wi±h ±achome%ric feedback

(Figure 2.3) wi±h bo±h parame±er se±s are silo_m. Figures

3.9 and 3.10 were cor lpared _;i%h Fisures 2.2 and 2.4. _le

curves in Figures 3.9 and 3.10 appear %0 be upside doom

because %he uni± s%ep was provided by an ini%ial ou%pu%

condi%ion _'i%h R = 0. Since ±he %wo se±s of ou%pu% res-

ponses were nearly iden±ical, i± was concluded ±ha± ±he

basic models are valid and accura%e represen%a±ions of %he

four sys%em configura%ions in ques±ion.

_le validi%y %es± was ex%onded %0 ±he bang-bang and

d. r. c. models used. The only difference be%ween %he
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bang-bang systen and the basic system was the use of an

ideal relay in the forward loop of the forner. In both

cases, the %achometric feedback could be either included

or excluded. The differences between the d. r. c. system

and the basic sTztem _;ith tacholnetric feedback _'ere the

ideal relay and the possibility of saturation in the

d. r. c. system. The output of the electronic co_Ipar_tor

_as checked and the comparator was fou_nd to be, for all

practical purposes, a perfect representation of an ideal

rel_y.

The m_alog si_ulation of saturation diagra_ued in

Figure 3.8 _,;as also checked. _le voltage characteristic

of the saturation simulation was obtained through the use

of a unit ramp input to the circuit. The saturation

characteristic was plotted by a strip-chart recorder, and

this recording is included in Figure 3.11. As is obvious

from Figure 3.11, the simulation was not of an ideal,

"square-cornered" saturation. However, since no prac-

tical saturable element ex/nibits an ide_! characteristic,

the simulation circuit used in this study probably more

nearly appro_'ir_ates an actual saturation characteristic

them an ideal simulation _ould.

The bang-ba/_g and d. r. c. systei_is studied, though

nonlinear in the strict sense, _lere piece, ice linear

except for the saturation in the d. r. c. sy_te:_. It can

be logically concluded, then, that the addition of an
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ideal relay %o the basic cyzten in either the for_azd

loop or in the tachometric feedbach loop has no effect

on the validity of the analog models of these confiGura-

tions. A!so, since the voltaire characteristic of the

saturation simulation was ]_no_-,_, then there is no reason

to question the ability of this circuit to simulate a

_aturable amplifier _Jith a sir_ilar ch_r_.cterictic. TI:c

analog computer zlodels in Figures 3.5 and 3.7 can then

be assumed to be good representations of the bang-bang

and d. r. c. svste[m s%udied in finis thesis.

56



CHAPTERIV

SIMULATION RESULTS AND DATA ANALYSIS

The purpose of the present chapter is %o present the

results obtained from._ tile analog computer simulation

studies and to provide an analysis of these results. The

data su_l_.rizing these results is presented in graphical

and %abular fort! for ease of interpretation and reference.

The results are then analyzed an_'!interpreted to evaluate

the responses of tile various system configurations.

Al%hough the mass of data presented vJas not _ii absolutely

essential to a study of %he present thesis topic in its

most limited sense, i% was obtained and is presen%ed in

the in±erests of providing aid %0 future studies and

completeness %o ±he present s±udy. This chapter is divi-

ded into two sections. _11e first section is a presenta-

tion of %he data obtained in this study. The second

section is an analysis and interpretation of this data.

I. A/{ALOG SI_,KILATION DATA

Studies of the tiue responses of the syste_:_s for

which raodels %;ere constructed in Chapter III _ere r:_de

with an analog co_::pu±er. _le pri_::ary purpose of this

study was to cot:pare the time responses of the discon-

tinuous rate co_:Ipens-_ted, or d. r. c., syste_a with ±_ose

of the %i._e-opti_,_al, or bang-bang, system. Iiowever, for
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- _ _..... e responsecompleteness as ",;el_ a_7 zor co_p_rison, _-_-

s_udie_ of the basic, unsw-,'tched sys%e.'_s were also made.

Four confi_:urations were s±udied. Cutpu± response

data was obtained for each of four s_s±e:u confiE_ura±ions.

These configura%ions were %he following: (!) the basic,

unswitched systei:: withou% %achometric feedback, (2) _he

basic unswi%ched s_ste_:i wi±h %achone±ric feedb?.c_:, (3) ±he

bang-bang sys%e_:_, and (4) %he d. r. c. syste!_i. _ach of

%hese four "_ ...... __.xe_ _'as _uade fo_- both syste;u #i anu s_,s±em

#2 pazameter se%s. For eacL. study _dth each paraiueter

se%i ou%puts were ob%ained for %he sys%e!u wi±]_ and _zithou±

a sa'_urable amplifier encep%, of course, for %he bang-bang

sys%em where ±he amplifier is assui::ed alw_.ys saturate/.

For %he bang-bau_ sy_:fe_:_, outputs _Jere ob%ained for the

sys%en wi%hou% and w{±h %achometric feedback. A To±a! of

Twenty _ets of ou+vufs, or runs, were obf_.ined; four for

each confii/ur_.±ion sfud'ed excev% for the d. r. c. sys±em.

_n %he case of the discontinuous ra%e compensa±ed system,

±wo conp!ete studies were made; one wi±h an "OFti_nun"

switchin_ level such ±hat ±he over,;hoot was a nominal 5_

and one _;i%h a switchin_ level set at so_e con:z%an% value

of ou%pu%.

_e numerical and graFhica! data obtained fro_:_ the

_nalog cow,purer s%udies is _u_arized and pre._:,en%ed in

±his sec%ion. Since the %i_:e-response curves produced by

±he strip-char% recorder _ere no nv.::_.erous, ±hey are no%
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included in this presentation. IIowever, the numerical

information provided by those curves was su_mlarized in a

series of tables. The phase portrait of each run was

produced by an x-y plotter. These phase portraits are

presented as figures in this section.

The organization of the data obtained from the

studies is a series of tabulations supp!eluented by a

series of phase portraits, each consisting of a family of

response trajec%ories. _e tables _ere [_ade up in terms

of response criteria, s±udied an/ _;ere divided into two

groups; one for syste_i #i and one for system #2. _e

response criteria sui.uuarized into tables were the follo_;-

ins: (i) rise time, (2) percent overshoot, (3) ma_ximum

output velocity, and (4) maximum output acceleration.

The two sets of four tables _l_e presented on the follov_-ing

eight pages. A tot_l of tv;enty-four phase portraits are

presented in the twenty figures of this section. Pach

simulation run provided one phase portrait ez_cept for the

four d. r. c. svs-_en simulations _,'ith 5_ overshoot, whe_-e

switching-curve portraits _eze also obtaine_[. An analysis

of this _iata is presente:i in ti_e next section.
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(a) without saturation

(b) with saturation

Figure _.I. Output phase portrait of basic system #i.
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If. ANALYSIS OF RBSULTS

The resul+s ob±ained in ±his "_?u_,lywere analyzed to

evaluafe ±he relafive ou%pu± perfor_nance of each syste_

confi,surafion s%udied. These resui±s are suru!arized in

Tables 4.1%hrouoah 4.8 and in Figures 4.1%hrough 4.20.

Of primary in%erest was %!!e co_Iparison be±_;een %he ou%pu%

perfor1_nce of %he %%;o d. r. c. sys%ens and of %he bang-

bang sys%em. In general, i% was found %ha± any co:_aen%s

which applied to sys±e_ _ #! also app!iei %o sysfeF: #2. The

resul%s _ere analyzed on a sys%em-by-sys%e_, basis, in ±he

order presenfed in ±lie da±a.

The Basic Sys±er. _

The basic sys%em confi__uration, block-dia..sra,_:led in

Fig1_re 2.!, was the fir:t s±udie_1. This sy_±e_l wa:_ chosen

because of i±s rel _:a_,ve ins%a.bili%y and si_iFlici%37, in

both its _insa%urated and sa%urated confii_ura±ions , _nx_

syste_l _;as found %0 exhibi% relatively slot% rise _=_' <

and high overshoois, as c_ be see_ -n :2ab!e_- 4.1 through

4.4. _le basic sys±e_ ou%pu + _va.s found %0 exhibi± ra±her

high ou±pu± veloci%ies an_l acceler_,%ions_ esFecia!Iy in

%he unsaiura%ed case, bece.u_;e of %l_is relafive ins%abili±y.

%6_en sa±uration was added, rise %ine_ -"increased and over-

shoots, D --" .... "a.._r_u_, ve!oci%ies and _%_-_ur, acce!era±ions

decreased, as _oul_i De e_:Feciee. This effec± _ _ost

ma.rke_ a± ±he higher inii_a! o;_%pu% values, as is be:_%
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iLlur_trate_i" I)?, it_ effect on the _3_'_peof the l'_a:e'"° tra-

jectories in Figures 4.1 an/ 4.2,. A nee_! u,e.8 seen to

l-_T of the output of the basictit!prove the relative stabi "_'

._'-_e,._ uJt:_out adver:_eIy_ affect£ug the rise ti:ne too _u_ch

Basic S},steu with TaChOl.-letric Feedback

A coz_onlT-use! :_ethoc[ of -".... " ""__2cre .... in_. sT:,::te::', _iabi]ity

is that of aJ.ding a t_.cho:::etr-c fee&b_ck loop to the

driven piamt. _i_- :ietho<: w_.s attempted v,,itl_the basic

,:-t _'_ u'th tac!zorletric feedback issy_tei:i. T_:_e basic ._ ......

bloc2-diagrs::mled ;.n Fizuze 2.3. _i% _ouzh the stability

of the syste_:_ was &zar4atically increased, zs evi/tenced by

the near lack o£ overshoot s!Io_._..in Tzb!es 4.3 and 4.4,

the output ri._e tine v;._s apFroxii::ately ,/ouble ".1for both

system 91 an:1 92, t¢ith and w._thout czt_,r&tJon. Th-s

m_,.1_ 4.1 an'l 4.2, ,,u_ i _ mosteffect is shovm in ,._........

effectively illustrc.ted b_, coP p_.ring the trajecto:ie::: in

v,__ :ore in Fi_£ures 4 1 an<i 4 _Figures 4.3 an:l 4.4 "'_" t: • -_-.

As w"s ment._,on_,'._ _:: Chapter !I, the clecre_,se in _.rea un&er

?_,2_;2. 1,2t Of '_'_ '.... _e&cn trajectory z'eou_:-_b fro:2 the on _.c,_o: et_-c

_. 4 ",--.-,"-"- of "....e_sed rise ti::e.feedback i _ _..'__.n,..;._,_.__on ......

Fro: T_,_e::.__ 4.5 _u,_i 4.6 .___n;cel! &s fro;:i tie _:Y;i:s,_ _

portraits, it is ,:een 9h_t t::e ::;_=imum velocities were

_:ubst_.nti&l!y reduced through the o_ddition o£: t_.c:-o::etric

fee:iback, altno._oL the ;?,s.:_::umacce!erat'onc _:eze un-

affected, as c:io_a-_in T&!)les 4.7 _.:_ 4.8. T:'T(: !nC:: Of

ezZect on na:_i-:u_ P_cce!ers.±£ons e_:'/te': _ecz,_-,e,_'_5n :.c,_
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case for each system, the initial acceleration _;as the

maximum value; %achometric feedback has no effect until

some finite ou±put rate, or velocity, is built up. Al-

though the addition of tachometric feedback to the basic

system had the desirable effec± of increasing system

s%abili±y and reducing oscillation, the price paid in

increased rise time was substantial. Neither configura-

tion was deemed %0 yield satisfactory results.

TI_9 Bang-Bang System

l_le bang-bang system was studied. _lis configura%ion

could only be logically compared _,;ith the saturated cases

of the basic configurations since, as pointed out in

Chapter II, saturation in the forward-loop amplifier is

one of the assumptions made in deriving the bang-bang

solution. _le bang-bang system configuration is block-

"!iagranuued in Fic.ure 3.2. Output p11ase portraits of the

bang-bang configl, rations studied are sho_m in Figures 4.5

through 4.8.

The outputc of the bang-bang syste:us e_dhibited the

fas± rise time of the basic s_ster_ _¢i±hout an3' of its

resultant overshoot. In fact, the rise ti::es of the bang-

bang sygte:u _,;ere seen, from Tables 4.1 and 4°2 to be even

shorter than those of the saturated basic g_:uten for Ioi.,

initial outp1_t values. _lis phenomenon occurred because

the drive available to %he bang-bang systerl was a con-

stant maximum at all initial output value-_;, and this

89



advantage was most pronounced at the lower initial out-

puts. As is apparent from the results, tachometric

feedback is unnecessary in a bang-bang system except,

possibly, to limit maximum output velocities. However,

the maximum ou±put accelerations, which are more likely

to be a physical consideration than the veloci±ies, were

found to be consistently higher in the bang-bang system

with tachometric feedback than in the same system without

it (see Tables 4.7 and 4.8).

Although the output performance of the bang-bang

system was found to be consistently bet±er tha_1 that of

either the basic system or of the basic system with tacho-

metric feedback, one great drawback to the practical use

of this configuration was encountered, At precicely the

time the output displacement, veloci±y and acceleration

reached their final State (i.e., zero error for displ_ce-

ment and zero magni±ude for both velocity and accelera-

tion), %he drive on the system had to be turned off, or

lizit-cycle operation would result. Moreover, the selec-

tion of a switching point for the ideal relay had to be

precice, or the final output state could not be reached

wi±h one switching. Although the bang-bang system was

found %o have theoretically superior output responses

when comr ared with the basic confiL_urations, this one

physical drawback limits the practicality of this type

of control.
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Discontinuous [{ate Compensated S[sten

%A,;o d. r. c. syster" sche:_es were studied. In the

first case, the switching point was adjusied for each

initial condition such that %he overshoot was a constant

5% of the initial value. In the second case, the switch-

ins point was maintained at a con'._tan± level of output;

viz., c=0.75. Because the results obtained in %he two

ca_es were subs±antial!_, different, each case is discussed

separately.

Constal]t 5% Overshoot Case. The output data for the

d. r. c. syste_ s_itched such that the overshoot _s

al%:ays 5% is presented in Tables 4.1 through 4.8 in the

colurnl headed "D. R. C. Sys. A". The output phase por-

traits of this s_fste:?, are shown in Figures 4.10, 4.12,

4.14 and 4.16.

S_,'itching curves _ere found. The outpu± phase por-

traits of the a_,stem _ithout :_,witching for both positive

and negative tacho_letric feedback are sho_,_ in Pisures

4.9, 4.11, 4.13 and 4.15. The uns_itched curve_'_ _ere used

to deter:_ne the set of st;itching points which _ouid re-

sult in $% overshoot regardless of the initial output

level. It _'as foun<l tha±, for %he unsaturated syster_,s,

the "s_;itciinL _ curve", or locus of switching points, was

a straight line fror_ the origin into the fourth quadrant

of the phase plane. These lines can be seen by connecting

the switching points in Figures 4.10 and 4.14.
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The unsaturated syrte:l switching curves _ere found

experinentall 7 to be straight lines. This effect could

be attributed to the fact that the unsaturated _;yste_ _as

piecev,ise linezr. That is, each switched phase trajectory

was e_act!y the same shape as each other trajectory, only

magnified or reduced in size according to the initial

output level. _le s_;itching curves for the saturated

systems, seen in Figures 4.12 and 4.16, were curved be-

cause the _],sten wa_ no longer piecewise linear, making

the shape of each tra3ectory different from the others.

The ti_ue-response of the constant-over:;hoot system

was analyzed. Frown Tables 4.1 and 4.2, it is seen that

the rise times at the higher v_!ues of initial output for

the constant-overshoot system _;ere less than those of any

other system configuration save the basic sy:_te:u without

saturation and d. r. c. systeu B. }:oreover, the overshoot

of this sy:_te_u never exceeded 5%, whereas in those syste:_s

with shorter rise tim_es the overshoots encountered were as

hlsn as 40_. The bang-bang sv:_te_ was t41e only configu-

ration _;ith a combination of :;hotter rise ti:_e and less

ove[-shoot than %hat of the con:?tant-overshoot d. r. c.

57ste: _-, and then only for 2o'_ values of in-tial output.

Ibreover, t;_e s_;_'tching_ _.__:_+_ for %he d. r. c. sTste_n

_'ere not xequire:i %o be precicely set, as _;as the ca::e for

the bans-ban S s.a_e:.. %X_e ri::e ±ir:.e a,:ivan%ai::e of this

d. r. c. ::,-ter: over t;_e ba.n::-bang si:_te:: ::ncrea::eJ. w_ti_
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the:magnitude of the input step, or initial output value.

The price paid for this performance on the part of the

constant-overshoot system is evident from Tables 4.5

through 4.8. The d. r. c. system A exhibited greater

output velocity and acceleration magnitudes than any other

configuration except d. r. c. system B, with a constant

switching level. P.xcept for the velocity and acceleration

criteria, which may or may not be a factor in choosing a

physical system, the d. r. c. system with constant over-

shoot probably has the best and most consistent output

response of the system configurations studied.

Constant Switchin_ Level Case. %_e output response

data of the d. r. c. system w_th a constant switching

level of c = 0.75 is summarized in Tables 4.1 through 4.8

and in Pigures 4.17 through 4.20. Although the response

of this system to low values of initial output was fairly

fast and e_d_ibited reasonable overshoots, this response

degenerated rapidly as the syste1_1 was subjected to steps

of higher magnitudes. _le response time became very low

for hisher values of initial output, but the percent over-

shoot increased very rapidly and the system output was

subjected to higher values of maximum velocity and accel-

eration than any other system configuration studied.

Although switching a d. r. c. systen_ at a constant level

of output may be physically expedient, it provides poor

output response when the magnitude of the input step is
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much above this switching level, as is evident from the

data.

Conclusions

It can be concluded from the analysi_ made of the

data obtained in this study that the overall output time

response of the d. r. c. system switched for constant 5%

overshoot is superior to that of any of the other systelu

confi_;urations studied. It _as found flat the basic sys-

tem, though its response was fast, e;dlibited a tendency

to oscillate and become unstable. }ioreover, this system

was fotuld to have a very high "settling" ti_ue, or title to

a final 5% maximum error. When tachometric feedback was

added %o %hls system, the problems of potential instabi-

lity and high overshoot were replaced by the problem of a

greatly increased rise tir_e. _e bang-bang :_yste_u, t11ough

its time response was deemed satisfactory and a definite

improven:ent over %he basic configurations, was found %o

have a great practical drawback. Na:_;ely, the s_,sten drive

had %o be turned off as soon as the output reached its

final state, lloreover, it was found that the switching

point for the bang-bsnlg systel]_ had to be very precisely

set, which is physically difficult to realiz e • _le

d. r. c. system switched at a constant output level was

found to e_d]ibit reasonably good time res1_onse at the

lower values of input, but this resl_on_;e was found to

e_d_ibit high values of overshoot, ma_x/_,_m velocity and
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maxi_:um acceleration at input values much higher than the

switching level.
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CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FUR%qL_ ST51)Y

Conclusions are dra%¢n from the results of ±his inves-

tigation and suggestions are made regarding future

investigations of ti_le-op%imal control of feedback control

systems.

I. COnCLUSIOnS

It was found early in this investigation that the

most efficient as well as most expedient method of study-

ing time-optimization of feedback control systems is

through the use of an analog computer and its associated

recording equipment. The equipment used in the present

investigation, which was found to yield most satisfactory

results, consisted of the following: (I) an _. A. I.

_4odel TR-20 analog computer, (2) an _. A. I. Model iii0

x-y plotter, and (3) a Brush _!ark 280 strip-chart recor-

der. l_is type of investigation requires the use of

trial-and-error procedures initially, and an analog com-

puter _;as found to be very efficient for ±his type of

application. A digital computer was found to have some

possibilities, but the additional mathematical manipula-

tions required and the difficulty encountered in

genera±ing nonlinearities were among the disadvantages of

this me±l%od of study.
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"file :-i_.thematic_.! developnen% of a b_mj-bang tiue-

..... _....-_ _resented in Ci._p%er II, and %11e

perforn_nce of this ,_,y:_tenconfigura%ion v,,'ascompared

with that of ?, discontinuous rate conpensat._,,_, or d. r. c.

systen in C.mpter IV. A brief exposition of phase pl_ne

principles is made in Chapter I!, Analog cot-purer pro-

gr,._._,_,_n o principles -_d model-building techniques were

presented in Chapter III. ,_le construction of ane.!og

corIputer 1<odels of the sTc%e::_,s studied ]:ere _..m.salso

presen'_ed in Ch_p%er III.

Conclusions are dre.xn_ fron the dzte_ preset.ted in

Chapter IV. i9 vm.s found ti,._.%,of the system conficura-

%ions studied, the best overall %ime response to ste[ >

inputs _¢ithin a range of masn-.tu'.'-.esw_zs e_ilibited by a

discon%inuous tale corl.'fensated sys%em s_._-tcned sv,.c':%h_.9

for any _ "* _ 1"r&.gn!_uc_e of inpu% the res?onse v:ou_a overshoo±

by. five percen±, m_.,._b_no-bnng__ confi_urat-.on of the se.::e

systen was found ±o Ue note severel], liniteC UU ":che

effects of satur_.+ion on _.e response %-.he %l:_n %i..e five

.. ....... " °-'_+_'a lk d. x. c. _ ..... %e1-1

switched at a _o._ant output level was z otmd to _'"_"_"

ez:ces sire "_" * " " _,,a.,..,..:lu.,_ ncceler-ove1"-_*-_oo _ I lll_q2[-,l.'I/l:lve!oc:.%y _llC[ _ "a .....

_%'.on v&en subjected to :'.nDuts :mc/_. a.bove the switching

level, kAJo _e_--'-_ of sys'._ez: _'--_"__-_'-_ u::ed, --= : "p,., ......... _..., were ;:,,,---'nL;

the result:; of this study applica.b!e "_o _._"_lea.st t_o

dmzzere_,t systems. Si:_ce t':e resu!%s obtained fro:- the

9?



two parameter sets did not differ substantially, then the

conclusions which can be drawn fron these results probably

apply %0 a class of systems, and are no% lim/ted to one

case only.

II. SUGGBSTIONS

Sugges±ions are made for further studies in time-

opti_l control. Since the resul±_ of this study show

defin/te advantages in the use of discontinuous rate com-

pensation in a% leas% a class of second-order systems, it

is felt tha± further study should be made in determining

%he range of applicability of these resul±s. Firs%, i%

should be determined for what class or classes of second-

order systems _dth step inputs the resul±s of %he present

study applies. Next, i% should be determined whether

these results apply only for step inpu±s or whether they

are valid for ramp, sinusoidal and o±her inputs. Finally,

the study should De extended %o third- and higher-order

systems. It is also felt %ha% means of genera±in g non

linear s_dtching functions should be investigated, since

the use of sinple, linear switchin G curves _as found

extremely useful in the present study. If ligh-speed

generation of large masses of accurate data is found

necessary, the use of sophis±ica±ed programming techniques

for a digital computer should be investigated. Finally,

an attempt should be made to apply formal op±i_]izing

8



_ec/_nZq_:en _o dic:con'_c._.nuour.; re/_e co_:pencated sys±er_s.
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APP]_._DIX

DIGITAL COI_UT_'_ PROGRAt4 TO FIND

Tlt_ ,_E,,PCNo..-.OF BASIC SYSTEI"

tiAS |C SYST_TI_ T lN;E RP SPONSE TO UN I T STLP l_'_PUT

PUNCH 3

I00

PUNCH 4

DFAD ] ,A,D,F4_V,DHI

nO ,°00 ]=| ,61

FI=I-I

T;FI*,05

C--A-(P_-XP (H'T))_(SIN(W_-T+PHI ) )

2('0 PUNCH 2,T,C

PUNCH

PDINT 6

GO TO 1 O0

1 FORMAT ( _F i C,, C..)

2 FODMAT ( 2( X, FS, 2, l'._X, F 1C ,6 )

3 FORMAT(22X, IHT,2<'X,_HC(T))

4 FORMAT(40H

I(40H

5 FODMAT (40X35X I H--)

6 FOD_4AT( |4HCALC, CO_.IPLFTF/IOHI_OAD

b. ND

lxll: X T D A T ,4

I

FF'T, )
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